S
TUDIES in this laboratory on the electrical charging in vacuum of small dust particles resulted in the development of a method of containing these particles in dynamic equilibrium by alternating electric fields. 1 ,2 This new technique is based upon the strong focusing principle which has as its analogue the classical problem of the upside-down pendulum. Essentially this device can be thought of as a closed form of W. Paul's and M. Raether's electric mass filter.3 The new variation can be employed to suspend any charged particle (e.g., charged dust, ions, electrons, etc.) in dynamic equilibrium. 4 The necessary condition for the proper operation of this type of suspension system depends upon finding electrode configurations which give sinusoidally time varying forces whose strengths are proportional to the distance from a central origin. Under this condition, the differential equation of particle motion is a special case of the Mathieu differential equation. A three dimensional electrical configuration which satisfies this requirement is the circularly symmetric potential dis tribu tion 1 Shelton, Wuerker, and Langmuir, Bull. Am. Phys. Soc. Ser. II, 2, 375 (1957) .
2 H. C. Corben, Bull. Am. Phys. Soc. Ser. II, 2, 375 (1957) . 3 W. Paul and M. Raether, Z. Physik 140, 262-273 (1955) . 4 It is understood that Professor W. Paul has independently been conrlucting similar experiments on the containment of atomic particles (unpublished).
The negative 2: 1 ratio between the vanatlOn with distance of fields in the two directions shows that when the electric field is focusing toward the origin in the z direction then it must be defocusing in the r direction and vice versa.
The differential equations of a motion of particle of charge-to-mass ratio elm in this potential field are 
rPz (e) (2VdC) (e) (2Vac)
The equations of motion of a single particle in the two directions of space are seen to be identical except for the negative 2: 1 ratio between the constants. Equation (4) is a function of z only while (5) is a function of r only. The motions in z aild r are therefore mutually independent. Each of the above equations is thus a special case of the Mathieu differential equation which in its general form is usually written
in which u may represent either z or r. The dimensionless constants in the above equation are related to those of the present physical problem through the transformation equations x=QtI2,
and (9) Clearly motion with negative q is the same as with positive q except for a change of phase of the drive. region of stable operation represent experimentally determined values which will be fully described later.
Operation of the present system is specified in a-q space by a straight line intercepting the origin and of slope al q= 2 Vdcl Vac.
That is to say, for given applied voltages V dc and Vac this operational line determines the range of driVIng frequency Q through which a particle of given elm will be stably bound. Conversely if the frequency is also held constant the al q operational line specifies the range of elm values which will be accepted (i.e., higher elm particles correspond to higher q values). Thus it can be seen that by properly adjusting the ratio of the two voltages so that the operational line just passes one of the edges of the stability curve the elm acceptance of the chamber can be made quite narrow. It is with a similar operation that Professor W. Paul made his channel device into a sensitive mass spectrometer. 3 When no direct voltage is added in series with the drive the operation of the system is specified along the abscissa (a=O) of Fig. 1 . Solution of Eq. (12) for a=O shows that the maximum value of q for stability is qma" = 0.908; hence the minimum applied driving frequency according to Eq. (9) is
The evaluation of this expression for the specific case of 2Vaolz02= 1000 v/cm 2 is presented in Table I in order to illustrate range of frequencies encountered with particles of different charge-to-mass ratios. The theory further predicts the existence of other narrow regions of bounded operation, corresponding to values of f3> 1, but to date the existence of these higher modes has not been experimentally verified. The preceding paragraphs have summarized some of the mathematical methods and salient results obtained from Mathieu equation theory. As with many such nonlinear problems, physical intuition is easily lost in the mathematical manipulations. A simplified approximate solution when {3 and q are small has been found which helps one more easily to comprehend the physical principles governing the operation of the electrodynamic suspension system. Referring again to Eq. (6) we assume that the particle position as represented by z can be separated into two components
z=Z+o
( 15) such that 0, the smaller component, is a displacement of small amplitude governed by the periodically varying applied driving force 2q, while Z describes the average value of the displacement over a complete period of the drive. Z will change much more slowly, but with a larger amplitude than 0, and its values define the resultant motion. Thus the solution, when stable, will consist of a slow vibration upon which is superimposed a smaller ripple due to the drive. Substitution of Eq. (15) into the Mathieu equation enables one to effect a simplification under the assumption that
If a«q the above equation is easily integrated under the assumed relative constancy of Z qZ 0= -- (cos2x) 2 (17) demonstrating that when the particle is stably bound the micromotion is 180 0 out of phase with the drive. Substitution of Eqs. (17) and (15) The resultant acceleration, d2Z/dx 2 , is found by averaging the il.1stantaneous acceleration over a cycle of the drive
Under the assumed approximations, the apparent motion has been reduced to a differential equation of harmonic motion, and our approximate theory shows that the particle will vibrate stably with a resultant dimensionless frequency of motion of (20) In the special case of a= 0 the particle will vibrate in the potential field of Eq. (1) with resultant frequency of motion of ( e) (Va") (l)radians
n second (21) and 1 (~) (V 00) (l)radians
These approximations are valid when q;S0.4. The 2: 1 ratio between the two frequencies of resultant motion correspond to the 2: 1 ratio between the electric field strengths in the two orthogonal directions. In the absence of series dc voltage and for small values of q the particle is expected to vibrate in a characteristic 2: 1 Lissajous pattern.
The addition of direct voltage in series with the drive strengthens the effective binding in one direction at the expense of the other with the result that the resultant vibrational frequencies will be correspondingly altered. For example, the application of a series voltage which results in a force toward the axis along the r direction acts to make up for the inherent geometrical weakness in this direction. Thus it is expected that the proper addition of a series voltage can cause the particle to vibrate with equal resultant motions in both directions (i.e., wz=wr), and the trajectory will have the over-all appearance of a 1: 1 or circular Lissajous pattern. The approximate theory shows that this condition will occur when az= -qz2/4. A further increase in r focusing will increase the resultant frequency of motion in the r direction while decreasing the resultant frequency in the z direction, and one finds a condition in which the particle will vibrate on the average twice as fast in tht:. r direction as in the z direction (i.e., w r = 2w z ). The particle trajectory then will have the appearance of a 1: 2 Lissajous pattern. The approximate theory shows that this condition will occur when a z = -5qlj12.
Further increase in r focusing will eventually cause the static field to exactly cancel out the binding effect of the driving frequency in the z direction (i.e., w.=O). On setting {3=0 in Eq. (20) (11) , that the approximate analysis has given the first term in the expression for the lower boundary of stability.
We have seen that the electrodynamic suspension system is able to compete against anharmonic forces (corresponding to negative values of a) and still maintain a particle in equilibrium. The case of uniform forces such as gravity or constant electric fields will now be considered. Such forces modify the original Mathieu differential equation giving
where A, the normalized constant force, is related to the physical problem by (24) the physical force being represented by F. The complete solution of this differential equation is the sum of the particular integral corresponding to A and the complementary function [Eq. (10)]. However, by using the approximate solution outlined in the previous paragraphs one is able to obtain an approximate expression for the particular integral in closed form; namely 
If this displacement is equal to the dimensions of the apparatus establishing the potential field, the particle is lost. For example if the force is due to gravity the particle can "fall out" when the resultant frequency of motion becomes too small. Gravity will accordingly slightly alter the appearance of the lower stability curves of Fig. 1 .
EXPERIMENTAL ELECTRODYNAMIC SUSPENSION APPARATUS
A small experimental chamber which gave the required potential distribution was machined out of aluminum. This, in turn, was mounted above an electric powder injector, and the whole apparatus was mounted within a vacuum envelope. Figure 2 shows schematically the complete apparatus with the electrical circuit through which the driving voltage (V ae ), the series voltage (Vde), and the "uniform" voltage V g are applied to the trapping chamber. As can be seen, the driving signal is applied between the end caps and the annular ring by a variable dc voltage and ac audiogenerator. In addition, means were provided for applying an alternating voltage V/l across the end caps for the purpose of experimentally measuring the resultant frequency of motion in the z direction. As shown, ports were drilled in the caps and the ring electrode for the purpose of microscopically examining the interior, introducing the dust particles, the particle charging current, and the carbon arc illumination. Figure 3 shows a photograph of the apparatus as it is mounted upon the vacuum face plate. These components are contained in turn within a brass vacuum envelope which mounts the microscope tubes, the illumination port, and the charging gun. (See Fig. 4 .) The experimental operation of the suspension system is as follows: first the chamber is evacuated to a pressure less than 20 J.l of Hg, the driving signal is applied between the ring and end caps (initially the driving frequency is around 150 cy/sec with an amplitude of Vac/v'1 = 500 v rms), the carbon arc illuminator is struck, and the charging current is turned on. The chamber is then ready to accept the powder which is injected into the interior by pulsing the bucket of the injector to ground potential for a few milliseconds through a thyratron circuit. Observation perpendicular to the axis of the chamber through the horizontal microscope enables one to observe visually a contained particle which has been charged by the beam and is bobbing around the interior of the chamber under the confining influence of the alternating electric fields. Figure 5 shows a photomicrograph of a charged piece of aluminum dust (around 20 J.ldiam) when a/q=0.7 It will be noted that the trajectory is a 2: 1 Lissajous pattern upon which is superimposed the driving frequency.
As expected from the theoretical analysis, the addition of voltage (V g) across the end caps displaces the particles either up or down depending upon the polarity and sign of charge of the particle. By properly adjusting this voltage gravity can be canceled out, the sign of the charge of the particle can be determined and the elm ratio can be estimated [using Eq. (27) ]. When gravity is neutralized the driving frequency can be extended to very high values without having the particle fall out of the chamber. By applying a small alternating voltage (V Il ) of approximately 0.1 v rms across the end caps using a second oscillator the resultant frequency of motion in the z direction can be measured by visually observing when the particle motion is in resonance with the applied signal. A small difference between the two frequencies results in an easily observed beat frequency which disappears when 7 The photomicrographs were taken with a Leitz MIKAS 3S-mm microscope camera using Kodak Tri-X film. The speed of film was increased by developing the negatives with FR X-SOO Developer. Exposure times were typically between iol sec. the two are exactly equal. At resonance the orbit elongates by an amount determined by the background vacuum pressure. Figure 6 shows the experimental measurements of the normalized resultant frequency of z motion as a function of the parameter q when Vdc=O (i.e., a/ q= 0). These data were obtained by varying both the driving frequency and driving voltage. Inspection of this graph shows that the approximate theory begins to fail by more than 1 % when q;GOA.
The product of the resultant frequency of motion and drive frequency is directly proportional to the product of the charge to mass ratio and the gradient of the driving field intensity in the z direction in accordance with Eq. (20). This simplified relationship enables one to measure accurately the charge to mass ratio of the particle knowing the driving voltage and chamber dimensions. As the driving frequency is progressively decreased, the resultant motion speeds up, the ripple due to drive becomes more prominent, and finally the motion builds up in the z (vertical) direction and the particle is thrown out of the chamber.
Measurement of the frequency of the "upper region of stability" gives a third way of estimating the charge to mass ratio of the particle using Eq. (14).
The addition of voltage (V dc ) in series with the drive Vac enables one to explore experimentally the full region of stable operation of this suspension system as mapped in Fig. 1. Figure 7 shows a microphotograph of a single particle trajectory which is like a 1: 1 Lissajous pattern. Figure 8 shows the 1: 2 Lissajous pattern obtained by further increasing the series voltage (Vdc). Figure 9 shows the "perverse" trajectory down deep within the region of stable operation.
The experimental points on the boundary curves of the stability diagram are plotted in Fig. 1 . It was possible to measure a point without loss of the charged particles by careful manipulation of the voltages and frequency and by recognizing when the motion was on In essence, using single particles, the above apparatus can be employed as an analogue computer of the Mathieu differential equation. It should be mentioned that once a particle is trapped within the chamber it stays. Some have been held in suspension for as long as a weekend.
Containment of Many Particles
Besides verifying the theory concerning the containment of a single particle the electrodynamic suspension system also showed that it could compete against interparticle Coulomb forces. Experimentally it was found that when the powder was initially injected and charged, instead of accepting a single particle the chamber filled up with many. This behavior in fact was the more usual case. At first the motions were quite violent and mixed up; however, on dissipating the initial kinetic energies by increasing the background pressure to several microns the particles could be made to take up stable arrays. Arrays of more particles than could easily be counted have been seen. In Fig. 10 the effect, as seen in the r-z plane, of the series voltage (V de ) on a typically stable array of positively charged aluminum particles can be seen. Each line corresponds to a single particle which is vibrating about its stable position under the influence of the alternating field. One notes that on proceeding away from the center the amplitude of vibration increases. The orientation of the individual particle vibrations serves to map out the electric field pattern within the chamber. Most interesting is the effect of varying either the driving frequency or the driving voltage. If the frequency is increased (or conversely Vae decreased) the "cloud" of particles expands to a new equilibrium. If on the other hand the frequency is decreased the array is compressed. As the drive is further decreased the array is progressively compressed and the individual particle motions get larger. At some point (which is a function of the vacuum pressure) the static array "melts" and the particles again move around in a random fashion in large orbits. If the frequency is increased the particles "recrystallize." The process of "melting and recrystallization" can be repeated over and over again. The time of "recrystallization" is a function of the number of particles, background pressure, and the amplitude and frequency of the drive. If the pressure is quite high (around S-10,u) and the frequency also large (q<0.2) the recrystallization time will be of the order of seconds. If, conversely, the pressure is lowered to around 0.1 Jl then the static array may take many minutes to reestablish itself.
The array of Fig. 10 is unique due to its symmetry (gravity in this case was canceled out by the application of V g =20 v). In most cases a wide range of elm is accepted and the static pattern has the appearance of a stalactite with the particles of high elm on top and those of progressively lower elm ratios dangling below. The high elm particles can be rejected by decreasing the frequency until they are unstable or conversely the low elm particles dropped out by increasing the frequency. By using the series voltage (Vdc) as described in the theory only particles within a narrow band can be kept.
Using the second oscillator the resonance frequency of the cloud can be investigated by observing when the particles absorb energy. Starting with the uniform cloud of Fig. 10 the frequency was measured as a function of the drive-also the "melting frequency" was noted. After a run was completed some particles were FIG. 11 . Suspension of 32 positively charged particles viewed in the r-8 plane. Vae=500 v rms, 2V'=O,n= 135 cy/sec,w.=43.6 cy/sec. The average charge to mass ratio of a single particle was e/m=O.00765 coulomb/kg. thrown out of the chamber and a new run taken by changing the frequency. This process was repeated progressively until only one particle was left. Table II shows the experimental results. It is seen that for a given drive "{3" is a function of the number of particles. The values q listed on the right were computed from the one particle data. Figure 11 shows a microphotographic view in the y-{} plane of the 32 particles for which data were taken in Table II . This top view is typical of the observed "crystalline" arrays of many particles. Figure 12 shows FIG. 12 . Suspension of five positively charged particles viewed in the r-8 plane. V'C=500 v rms,2Vde=O,n=210 cy/sec, and w,=23.1 cy /sec. The charge to mass ratio of a single particle was later found to be elm =0.00765 coulomb/ kg. a top view of the five particles for which data were taken in Table II. Note that each particle lies at apex of a regular pentagon. In the three particle case the particles were bound in an equilateral triangle in y-{} plane.
Besides containing particles of only one sign we have seen the simultaneops containment of particles of both sign. In this case when Vg is added across the top caps the particles are caused to move vertically in opposite directions.
HIGH-FREQUENCY-EXCITATION
The audio source used in the previously described work was replaced by a 300 megacycle source which theoretically would confine electrons. Experiment demonstrated that excitation by the high frequency resulted in the production of a visible glow inside the chamber. The vacuum was such that an electron meanfree path was about 1000 t.imes the chamber dimensions. The glow could be extinguished by addition of dc voltage in series with the driving signal. Details of this work will be reported at a later date.t
